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Motivation example

real EEG data
mental activity, no real movements
�time�: ≈ 5 minutes
�space�: 10 electrodes
�frequency�: oscillatory part of power spectrum in the range 4-25 Hz

⇒ a three�dimensional tensor X ∈ RI×J×K

goal: to detect hidden sources of neural activity
→ Parallel Factor Analysis was used in [Miwakeichi et al., 2004],

[Rosipal et al., 2019],. . .

	
																														 	 	 						Oscillatory	components	
	 	 	 	 	 	of	the	power	spectrum	
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			 	time	
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PARAllel FACtor Analysis (PARAFAC)

[Harshman, 1970] (PARAFAC), [Carroll and Chang, 1970] (CANDECOMP)

X ∈ RI×J×K : Xijk =
F∑

f =1

gfff aif bjf ckf + eijk ,

‖af ‖ = ‖bf ‖ = ‖cf ‖ = 1

BT	
	

  
 
 
                   K x F 
        

                                                                                C	
 
         
 
 

   =                           F x F x F                F x J           + 
   
 
      
        I x J x K                          I x F               I x J x K 
 
    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

X	 G	A	 E	

→ the same number F of components within each dimension

→ restrictions (for EEG data): nonnegativity; unimodality of columns in C

→ method: (nonnegative) alternating least squares
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PARAFAC � results
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→ lower number of space components ?
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PARAFAC � results
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→ lower number of space components ?
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Tucker model

[Tucker, 1966, Kroonenberg, 1983]

X ∈ RI×J×K : Xijk =
M∑

m=1

N∑
n=1

O∑
o=1

g?mnoa
?
imb

?
jnc

?
ko + e?ijk ,

‖am‖ = ‖bn‖ = ‖co‖ = 1

X	 A*	

	

  
 
 
                   K x O 
        

                                                                              C* 
 
         
 
 
 

                            =                          M x N x O                   N x J         + 
   
 
 
 I x J x K                           I x M              I x J x K 
 
    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

G*	 B*T	
E*	

→ number of components can di�er across dimensions

→ less restrictive than PARAFAC
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Tucker model

goals:

to �nd appropriate restrictions to the core tensor G ?

→ interpretability

→ stability of the solution

to detect situations where the Tucker model leads to a more
parsimonious representation of EEG data, but with a comparable
explanation of neural activity variability as the PARAFAC model

→ on di�erent sets of simulated EEG data
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Tucker model � restrictions

matrices A? ∈ RI×M ,B? ∈ RJ×N ,C? ∈ RK×O

nonnegativity; unimodality of columns in C?

→ the same as in PARAFAC

the core tensor G? ∈ RM×N×O

i) T_uncon: unrestricted structure

ii) T_nonneg: nonnegativity

iii) T_con: nonnegativity, diagonal lateral slices
each factor has its own time and frequency scores

⇒ M = O

factors can share the same space scores

⇒ N ≤ M = O
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Simulated EEG data

Simulated EEG data
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Simulated EEG data

inspired by [Cohen, 2017]

1 choose target dipoles and frequencies fl , l = 1, . . . ,S
f1 = 8 and f2 = 14 Hz in the central region
f3 = 11 Hz in the occipital region

view from above
8 Hz
11 Hz
14 Hz

right view
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Simulated EEG data

2 generate one minute of source signals on 2004 dipoles

target dipole

x(t) = a(t) sin

(
2π

(
fl t +

b(t)

sampling rate

))
a, b � detrended and �ltered series of random numbers

�non�target� dipole (background noise)

fractional Brownian motion with the Hurst exponent H ∈ {0.1, 0.5}
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Simulated EEG data

3 generate random time intervals, where the target oscillations are active

0 10 20 30 40 50 60

time (sec)

-15

-10

-5

0

5

10

15

4 generate EEG data by using the forward model [Gramfort et al., 2010]

yEEG
j (t) =

2004∑
i=1

cjixi (t), j = 1, . . . , 64 electrodes

C = {cji} ∈ R64×2004 → Brainstorm toolbox in MATLAB [Tadel et al., 2011]
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Oscillatory part of the EEG power spectrum

windowing � 2 sec time intervals, overlapping period of 250 ms

Irregular Resampling Auto�Spectral Analysis (IRASA) [Wen and Liu, 2016]
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spectrum
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Centering

centering in the �rst mode

X centered
ijk = Xijk −

1

I

I∑
l=1

Xljk

�nal data

	
																														 	 	 						Oscillatory	components	
	 	 	 	 	 	of	the	power	spectrum	

	
	
			 	 	 		electrodes			
			 	time	

X	
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Simulated EEG data

Simulated data analysis
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Criteria

proportion of variance explained

VarExpl = 100×

1−

∑I
i=1

∑J
j=1

∑K
k=1

(
Xijk − X̂ijk

)2
∑I

i=1

∑J
j=1

∑K
k=1

X 2

ijk


core consistency diagnostics [Bro and Kiers, 2003]

for PARAFAC and Tucker models with constraints

CCD = 100×

1−

F∑
m=1

F∑
n=1

F∑
o=1

(gmno − g?
mno)

2

g?
mno

2

 ∈ (−∞, 100]

1 estimate A,B,C and G in PARAFAC/restricted Tucker model
2 estimate G? in unrestricted Tucker model with A,B,C from step 1
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Criteria
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TI = number of target time intervals Int1, . . . , IntTI

µi , σi = mean and sd of time scores 3 sec before and after Int i

Z =

∑TI
i=1

∣∣∣{x ∈ Int i :
x−µi

σi
> η

}∣∣∣∑TI
j=1
|Int j |
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Criteria
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Results

Case 1

8 Hz and 14 Hz in the central region

11 Hz in the occipital region

Hurst exponent H ∈ {0.1, 0.5}
100 datasets for each H

64 electrodes

models:
PARAFAC with F = 3
T_uncon, T_nonneg, T_con with 3,2,3 and 3,3,3 factors
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Variance explained
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CorConDiag
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Frequency scores

H = 0.5

8 Hz 11 Hz 14 Hz
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Time scores - H = 0.1
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Time scores - H = 0.5
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Small visual inspection....PARAFAC

← H = 0.1

H = 0.5→
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Small visual inspection....T_uncon, H = 0.1
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Small visual inspection....T_uncon, H = 0.5
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Small visual inspection....T_nonneg, H = 0.1
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Small visual inspection....T_nonneg, H = 0.5

Zuzana Ro²´áková, Roman Rosipal PARAFAC and Tucker Models ODAM 2019



Small visual inspection....Tucker_con

H = 0.1 H = 0.5
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Results

Case 2

8 Hz and 14 Hz in the central region

11 Hz in the occipital region

Hurst exponent H ∈ {0.1, 0.5}
100 datasets for each H

11 electrodes

models:
PARAFAC with F = 3
T_uncon, T_nonneg, T_con with 3,2,3 and 3,3,3 factors
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Variance explained

PA
R
A
FA

C

T_u
nco

n(3
23

)

T_u
nco

n(3
33

)

T_n
onneg

(3
23

)

T_n
onneg

(3
33

)

T_c
on(3

23
)

T_c
on(3

33
)

10

15

20

25

30

35

40

45

p
ro

p
o

rt
io

n
 o

f 
v

a
ri

a
n

c
e

 e
x

p
la

in
e

d
 (

%
)

H =0.5

PA
R
A
FA

C

T_u
nco

n(3
23

)

T_u
nco

n(3
33

)

T_n
onneg

(3
23

)

T_n
onneg

(3
33

)

T_c
on(3

23
)

T_c
on(3

33
)

2

3

4

5

6

7

8

9

p
ro

p
o

rt
io

n
 o

f 
v

a
ri

a
n

c
e

 e
x

p
la

in
e

d
 (

%
)

H =0.1

Zuzana Ro²´áková, Roman Rosipal PARAFAC and Tucker Models ODAM 2019



Frequency scores

H = 0.5
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Time scores - H = 0.1
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Time scores - H = 0.5
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Conclusion

T_uncon produced unsatisfactory results for this kind of data

64 electrodes

PARAFAC and T_nonneg, T_con produced results of similar quality

11 electrodes

T_nonneg, T_con outperformed PARAFAC in the quality of time and
frequency scores when a lower number of electrodes and higher level of
background noise was considered
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